The toroidal order of electric dipoles in ferroelectric materials has attracted attention in the past decade due to fascinating properties and great potential for enabling novel memory devices, and functional devices in general. However, facile manipulation of toroidal order in ferroelectrics remains challenging. Here, using first-principles derived simulations, we demonstrate an efficient scheme to control the polar-toroidal multi-order (PTMO) states in ferroelectric nanowires. Two feasible strategies of controlling PTMO states by a combination of homogeneous electric field and torque are carried out in ferroelectric/paraelectric composite nanowires. This is possible based on trilinear coupling between polarization, toroidization and the twist force. As a result, switching of the toroidization of the nanowire can be readily achieved by reversal of the axial polarization. The torque threshold needed to control PTMO states is also calculated and found to be relatively small, indicating the feasibility of this method. Our study demonstrates facile control of PTMO states, including ferroelectric skyrmions, in ferroelectrics and is a step towards designing ferroelectric devices based on multi-order states. 
INTRODUCTION
Ferroelectrics are featured with a cooperative alignment of spontaneous electric dipoles, which can form fruitful dipole configurations (e.g., domain structures and topological states). Controllability of the dipole configurations modifies the material properties and is the basis of many device applications of ferroelectrics. [1] [2] [3] For example, the switching of the polar state enables the creation of "0" and "1" states for binary functional devices design such as non-volatile memories and transistors. 4 Diverse kinds of polar domain structures have been reported in ferroelectric thin films, e.g., stripe domain structure, 5, 6 ring-shaped domain structure, 7, 8 and zigzag domain structure, 9,10 etc. Recently, it has been revealed that topological dipole states like vortices with a toroidal order [11] [12] [13] can be stabilized in ferroelectric nanostructures under certain conditions. Interestingly, the toroidal order can coexist with polar order forming polar-toroidal multiorder (PTMO) states 14, 15 and even skyrmion-like states 16 in specific ferroelectric nanostructures.
The intriguing topological dipole states, which can be stabilized in ferroelectrics with size being as small as several nanometers, have triggered intense interests due to their great promise for developing future functional devices. In the past decade, great efforts have been made in pursuit of switching the chirality of ferroelectric vortices by an experimentally feasible way. So far, the strategies of vortex switching reported in the literature are to introduce a region of "dominant dipoles" during vortex nucleation in ferroelectrics via different methods, such as making use of the geometry asymmetry, 17 mechanical stress field, 18, 19 defect engineering, [18] [19] [20] inhomogeneous electric field, 21 and a sweeping biased tip. 22 Despite these achievements, facile manipulation of the toroidal order in ferroelectrics remains challenging. In addition to the difficulty in experimental fabrication of high-quality ferroelectric vortex systems, one of the major reasons lies in the topological feature of ferroelectric vortices. On the one hand, the conjugate electric field of ferroelectric vortices is a curled field, which is difficult to realize in practice. On the other hand, the energy barrier between the vortex states with opposite chirality is usually large due to the topological protection.
More recently, PTMO states have come into focus for their potential in developing multi-state functional devices and the possibility of discovering ferroelectric skyrmion state. 16, 23 PTMO states have been theoretically predicted in several specific ferroelectric systems. A particular kind of systems are composite structures which consist of polar components and toroidal components like nanodots embedded in a polar matrix, 24 and ferroelectric film-dot system. 25 The second kind of systems are particular nanosystems made of rhombohedral phase ferroelectrics and under anisotropic screening condition, such as BaTiO 3 and BaTiO 3 /SrTiO 3 composite nanowires. [14] [15] [16] 23 The most important feature of a PTMO state is the coexistence and possible coupling between the polar order and toroidal order, which gives rise to the distinguished behaviors of a PTMO state compared with purely toroidal or polar state. For example, as a result of the polar-toroidal coupling, superior piezoelectric and piezotoroidal responses 15 and interesting dynamical characteristics 26 are found in PTMO states. More importantly, we note that the coupling between polar order and toroidal order plays a significant role in dipole order transformation. 15, 27 Inspired by these results, it is highly expected that the polarity and chirality of a PTMO state can be facilely controlled based on the polartoroidal coupling. This paper reports a novel control of the polarity and chirality of PTMO states in ferroelectric nanowires by twisting. Considering a ferroelectric nanowire as shown in Fig. 1a , the titled electric dipoles rotate around the z-axis and form a PTMO state. 15 Assuming dipoles components along the z-axis are uniformly distributed and those perpendicular to z-axis are location dependent, increasing linearly with the increase of the distance with the center of the cross section. The maximum in-plane dipole component locating at the lateral surface is p s . The toroidization G z is given by
e z (See Supplementary Information for more details), where A is a constant depending on the geometry parameters of the nanowires, V is the volume and a 0 is the lattice constant of the nanowire. Applying an external torque pair (with equal magnitude M but in opposite sign at the top and bottom surfaces of the nanowire) to the nanowire induces shear stress τ zφ . The additional coupling energy caused by the coupling between the induced shear stress and the polarization components is E coup = −CP z G z τ zφ (See Supplementary Information for more details), with C being a positive constant for a given nanowire. 28 We can see that the torque induced shear stress τ zφ , toroidization G z , and the axial polarization P z are coupling in a trilinear form. That is to say, if one fixes the axial polarization P z (polar order) of the nanowire, a change sign of shear stress τ zφ (i.e., the torque M) will reverse the direction of the toroidization G z (toroidal order) of the nanowire (Fig. 1b) . Moreover, fixing the shear stress τ zφ acting on the nanowire, a change sign of the axial polarization P z can also lead to a reversal of the direction of toroidization G z (Fig. 1c) . To verify the above argument, we carry out first-principles derived effective Hamiltonian simulations. The torque threshold needed to control PTMO states is relatively small, indicating high feasibility of this method. Our results reveal the potential of shear stress and strain in engineering exotic ferroelectric dipole states and provide a novel device design of ferroelectric multi-order states.
RESULTS

PTMO states in ferroelectric nanowires
(BaTiO 3 ) m (SrTiO 3 ) n nanowires (m and n refer to the thickness, in unit cells, of the (001) BaTiO 3 and (001) SrTiO 3 layers, respectively) adopt PTMO states due to the combining effect of the anisotropic electrostatic interaction of the nanowire, the SrTiO 3 -modified electrostatic interaction, and the rhombohedral ground state of BaTiO 3 . 15 Here, using a first-principles derived effective Hamiltonian method combined with Monte Carlo (MC) simulations, we focus on (BaTiO 3 ) m (SrTiO 3 ) n nanowires with the lateral size being L x = L y ≈ 4 nm. The nanowires are simulated to cool down from a high temperature in the paraelectric region by a step of 10 K. A random polarization perturbation is used to initiate the simulation, and it is used as the initial dipole state for the next temperature step until the stable dipole state is not paraelectric. By performing such an annealing process, the equilibrium dipole states of the nanowire at various temperatures can be obtained. Figure 2a -c shows the phase diagram and corresponding dipole configurations of (BaTiO 3 ) 10 (SrTiO 3 ) 2 and pure BaTiO 3 nanowires. One can see that the two nanowires both adopt a pure polar state with nonzero axial polarization but zero toroidization at higher temperature, and they adopt a PTMO state with nonzero axial polarization and toroidization at lower temperature. The presence of SrTiO 3 -layer mainly modifies the electrostatic interaction, giving rise to the difference in the phase transition temperature and the stability range of polar state and the PTMO state. In the following, we will take (BaTiO 3 ) 10 (SrTiO 3 ) 2 nanowire as an example, which exhibits a stable PTMO state when the temperature is below 200 K. Similar results are also expected in the pure BaTiO 3 nanowire and other (BaTiO 3 ) m (SrTiO 3 ) n nanowires.
As shown in Fig. 1 , we apply an external torque pair along the axial direction to twist the (BaTiO 3 ) 10 (SrTiO 3 ) 2 nanowire. For simplicity, here the elastic properties of the two components are taken to be the same. In the simulations, the application of torque to the nanowire is realized by taking into account the twisting induced strain of this nanowire, which can be obtained by solving the mechanical equilibrium equation with appropriate boundary conditions using a finite element method. Readers are referred to Supplementary Information for more detailed discussion about the torque application to the nanowire. The torque pair creates a Figure 2d shows the distribution of the strain field in the nanowire under an external torque pair being about 100 nN nm. One can see that the shear strain on the cross section of the nanowire ε zφ gradually increases along radial direction. Moreover, ε zx and ε zy defined in Cartesian coordinate system take maximum at the x and y surface of the nanowire, respectively, and they distribute asymmetrically with respect to the axis of the nanowire. Note that the warping displacement caused by the twisting is quite small, being on the order of pm (See Supplementary Information Fig. S2 ). Therefore, we suppose that the square cross sections keep plane during the deformation (As shown in Fig. 2d ), which should not change the physics in this work.
Strategy 1: chirality switching of PTMO state by torque. Now we take the PTMO state formed in the (BaTiO 3 ) 10 (SrTiO 3 ) 2 nanowire at 150 K as an example. The specific PTMO state possesses an axial polarization P z = −0.32 C/m 2 (P z < 0) and an axial toroidization G z = 0.14 e/Å (G z > 0, a counterclockwise (CCW) vortex) as depicted in Fig. 2c . The nanowire is twisted by an applied torque pair (180 nN nm, CCW at the top surface of the simulation cell) while keeping the direction of the axial polarization fixed (P z < 0). The MC simulated evolution of the PTMO state is shown in Fig. 3a , c. We can see that the direction of the toroidization G z is reversed after about 70,000 MC sweeps while the axial polarization P z remains unaffected during the whole process. Moreover, it is noteworthy that the polar state in the nanowire is quite stable, no additional electric field is needed to fix the direction of the axial polarization during the switching process in this case. This is an important feature caused by the coexistence of polar and toroidal orders of PTMO state. Despite this, the application of an external electric field is quite helpful to reduce the threshold of the torque needed to switch the chirality of the toroidal order (i.e., the coercive torque, M C ) and the corresponding relaxation time, which is discussed in detail later. Figure 3c depicts the evolution of the dipole configuration during the switching process, which varies from the initial state A (P z < 0, G z > 0) to an intermediate state B (P z < 0, G z~0 ) and finally stabilizes at the final state C (P z < 0, G z < 0), which is a degenerate state of state A. Similar results can also be obtained for cases with P z > 0.
We further investigate the dependence of G z and P z of the evolved PTMO state on the magnitude of the torque at 150 K. To achieve this, a sequence of torque pair with its value varying in a triangle wave form is applied to the nanowire and the system is fully relaxed at every applied torque pair. Such an application of torque pair will result a hysteresis loop of G z as a function of M, as shown in Fig. 3b . The coercive torque M C is about 150 nN nm and the remnant toroidization G R is approximately 0.14 e/Å. This clearly verifies that there is indeed an intrinsic coupling between the toroidal order of the PTMO state and the torque induced cross-sectional shear stress. Moreover, P z keeps unchanged during the process as expected, showing that axial polar order is independent of twisting due to the relatively small torque in this case.
The relationship between G z and M at various temperatures is also investigated and the result is plotted in Fig. 4a (See Supplementary Information Fig. S3 for more details) . We obtain similar hysteresis loops at different temperatures, but the values of M C and G R are strong functions of temperature, which are further summarized in Fig. 4b . It is shown that M C and G R decrease rapidly with increasing temperature. Moreover, we note that the shape of the two curves are similar, indicating that M C is mainly determined by G R when there are no other loads. This is easy to be understood by considering the fact that, at higher temperature, the polarization magnitude is smaller and the nanowire tends to adopt an axial polar state (See, Fig. 2 ). As a consequence, both the toroidization (determined by the magnitude of the in-plane polarization) and the energy barrier of chirality switching (which must be overwhelmed by the trilinear coupling energy E C to achieve switching) decrease when temperature increases, leading to a decrease of G R and M C . Such a temperature controllability of chirality switching of PTMO state should be useful in practical characterization and applications.
Strategy 2: chirality switching of PTMO state by switching the axial polarization. The chirality of the toroidal order can also be switched by reversing the direction of the polarization. This is achieved by applying an external homogeneous electric field along the z-axis while the torque acting on the nanowire is fixed at the same time. Again, we take the PTMO state of the (BaTiO 3 ) 10 (SrTiO 3 ) 2 nanowire at 150 K as an example. As shown in Fig. 5a , the nanowire is twisted by an external torque pair of 70 nN nm (clockwise (CW) at the top surface of the simulated cell). An electric field of 1.5 MV/cm along the +z direction is then applied to reverse the direction of the polarization at the 10,000th MC sweep. We can see from inset of Fig. 5a that P z reverses very quickly and changes its sign within 400 MC sweeps, and immediately the reversal of the direction of G z occurs after about 4000 MC sweeps. The external electric field is removed at the 40,000th MC sweep, which results in a sudden drop of the polarization and increase of the toroidization in Fig. 5a . In particular, note that the switching process here is much faster than that in the previous strategy. We attribute this difference to the application of the external electric field. The response of polar order to electric field is much faster than that of the toroidal order to mechanical loads. More importantly, the electric field directed along z-axis acting on the nanowire enhances the polar order and weakens the toroidal order of the PTMO state after polarization reversal, leading to the reduction of the switching barrier of the chirality. As a result, the chirality of the toroidal order can be switched in a much easier and quicker way in this case. The corresponding dipole configurations during the switching process are depicted in Fig. 5c . Specifically, when a reversed electric field is applied to the initial PTMO state, i.e., state A (P z < 0, G z > 0), the axial polarization P z is firstly decreased quickly while the toroidization G z is enhanced, forming an intermediate state B (P z~0 , G z > 0). Immediately, P z is reversed and further increased to a large value, and G z is decreased at the same time as shown in state C (P z > 0, G z > 0). Then, G z gradually reduces to zero and is reversed as shown in state D (P z > 0, G z < 0), further forming state E (P z > 0, G z < 0) after enough time. After removal of the external electric field, the nanowire stabilizes at the final PTMO state F (P z > 0, G z < 0), which is a degenerate state of state A. Similarly, this switching strategy also works for cases with P z > 0.
The dependence of G z and P z of the PTMO state on the magnitude of electric field under a fixed torque pair of 70 nN nm (CW at the top surface of the simulated cell) at 150 K is further investigated and the result is shown in Fig. 5b . A sequence of electric field with its value varying in a triangle wave form is applied on the nanowire along z-axis and the system is fully relaxed at every applied electric field. The important results are as follows: (1) The relationship between P z and applied electric field E is a typical ferroelectric hysteresis loop. The remnant polarization P R is about 0.32 C/m 2 and the coercive electric field E C is approximately 0.5 MV/ cm. This hysteresis loop is similar to our previous simulated results obtained without mechanical loads. 15 This reflects that fact that the torque does not significantly influence the intrinsic coupling between the polar order and electric field along z-axis, as the axial polarization is strong and almost unaffected by the torque employed in the simulation at 150 K. (2) The relationship between G z and E is also a hysteresis loop. The remnant toroidization G R is 0.14 e/Å and the coercive electric field E C is about 0.7 MV/cm. Note that the shape of the hysteresis loop of G z -E is different with those of traditional ferroelectric hysteresis loops. This is due to the combination effect of the applied torque and electric field. Specifically, when the external electric field and the polar order is in opposite direction and the magnitude of the electric field is small (E < E C ), the sign of the P z remains fixed and the magnitude of the P z is significantly reduced. The dipoles of the nanowire favor aligning along the in-plane direction (perpendicular to z-axis), indicating that the polar order is weakened and the toroidal order is enhanced. As a result, the sign of G z keeps unchanged and the magnitude of G z increases with the reversal electric field. However, when E > E C , both the sign of the P z and G z are changed, and the magnitude of the polarization increases. As the dipoles of the nanowire favor aligning along the axial direction, the polar order is enhanced and the toroidal order is weakened. Thus, the magnitude of G z decreases with the increase of the applied electric field. G z tends to zero when the magnitude of electric field becomes very large (E >> E C ). The PTMO state approaches a purely polar state along the axial direction with the cross-sectional toroidal order nearly vanished.
For this strategy of chirality switching of the PTMO state, we further investigate the relationship between G z and E at various temperatures and torques. Figure 6a shows the G z -E hysteresis loops at various temperatures under a fixed torque pair of 70 nN nm (CW at the top surface of the simulated cell). The remnant toroidization G R and the coercive electric field E C as functions of temperature and torque are summarized in Fig. 6b , c (See also Supplementary Information Fig. S4 for more details) , respectively. One can see that the nanowire maintains a relatively large and stable G R at temperature (~200 K) near the phase boundary between the PTMO state and pure polar state. G R is larger for larger torque, and the effect of torque on G R is more significant at higher temperature. Moreover, the coercive electric field E C is larger at lower temperature, and it is smaller for larger torque. The effect of torque on E C is more significant at lower temperature. This indicates that torque can largely affect the barrier of axial polarization switching at lower temperature, despite its relatively small effect on the toroidal order (Fig. 6b) . Importantly, our results show that with the help of a torque pair as small as 37 nN nm, the chirality of the PTMO state can be reversed by an axial external electric field, which is highly feasible in practice.
DISCUSSION
Let us review the additional free energy due to the coupling between the shear stress and polarization components. When the nanowire is twisted, the free energy difference is ΔF = −AQτ zϕ G z P z . The condition ΔF < 0 must be satisfied from the viewpoint of thermodynamics to make a dipole state stable in the twisted nanowire. Since both the integration constant A and electrostrictive coefficient Q are positive, we must have τ zϕ G z P z > 0. Therefore, four PTMO states may exist stably in the twisted nanowire, i.e., A: P z < 0, G z > 0, τ zφ < 0 (i.e., M < 0); B: P z < 0, G z < 0, τ zφ > 0; C: P z > 0, G z > 0, τ zφ > 0; D: P z > 0, G z < 0, τ zφ < 0. Accordingly, one can obtain four routes of switching the chirality of PTMO states: A$B and C$D by reversing the shear stress τ zφ and keeping direction of the axial polarization unchanged, and A$D and B$C by switching the axial polarization and keeping the sign of shear stress τ zφ unchanged.
We would like to make a comment on the experimental feasibility of the proposed strategies, regarding to the fabrication of systems carrying PTMO states and the loading of twist force on nanostructures. Experimental fabrication of high quality PTMO carriers in ferroelectric nanowires is a big challenge. A combination of physical vapor deposition (PVD) and stencil lithography should allow the preparation of ferroelectric composite nanostructures. 29, 30 There are also publications reporting growing composition-modulated nanowires through the modulation of the seed particle size by tuning the supply of precursors during the growth, 31 which is possibly applicable to the fabrication of ferroelectric composite nanowire systems. Besides, one can notice that the preparation process of BaTiO 3 nanowire, [32] [33] [34] [35] which also have PTMO states, is mature in the literature. Moreover, PTMO states should not be limited to BaTiO 3 nanowires. BaTiO 3 nanodots under appropriate charge screening conditions are also promising systems to carry PTMO states (See Supplementary Information Fig.  S5 ). Moreover, our idea can also be employed to switch the charity of the vortex domain structures in ferroelectric nanodots. However, note that the existence of a polar order is crucial during the switching by torque as discussed above. An additional electric field is needed to introduce a PTMO state in the ferroelectric nanodots to carry out our strategies. 36 The PTMO state works as a transition state during the charily of the vortex domain structure switching in ferroelectric nanodots. Note also that skyrmion-like states, whose existence in ferroelectrics has recently been a particularly interesting issue, are actually PTMO states. Our strategies thus provide a facile control of the chirality of skyrmion-like states in ferroelectric systems. As for the loading of twist force on nanostructures, we would like to point out that twisting is a common phenomenon in nanostructures. A nanowire can be twisted during fabrication and manipulation due to various factors such as defects. [37] [38] [39] However, exerting a well-controlled twist force on a nanowire in practice requires some tactics. There [40] [41] [42] [43] [44] One possible scheme is using a scanning probe microscopy (SPM) tip scanned over the lateral side of an epitaxial nanowire, thus a shear stress can be inducing due to the friction between the tip and the nanowire. 40, 41 Another scheme is fixing the two terminals of nanowires by designing particular clamp, such as zigs. 42, 43 Then the twist force can be directly acted on the nanowires by manipulation of the clamp. Besides, microfabricated gripper is also a usable tool providing good control over twist force on nanowires. 44 In conclusion, first-principles derived simulations have been performed to reveal the controllability of PTMO states in (BaTiO 3 ) m (SrTiO 3 ) n nanowires under twist force. We demonstrate two feasible strategies of controlling the chirality of PTMO state via a combined loading of axial electric field and twist force. The chirality switching of the PTMO state exploits the trilinear coupling relation between polarization, toroidization and the twist force.
Furthermore, our investigation shows that the PTMO state exhibits large G R and P R , which can be regularly controlled by a relatively small electric field and torque. We finally discuss the reliability and feasibility of the proposed strategies. Our study verifies the controllability of exotic multi-order dipole states in ferroelectrics and sheds light into the potential of shear stress and strain engineering in control and design of ferroelectric devices based on exotic dipole states (including skyrmions).
METHODS
Effective Hamiltonian method
A first-principles derived effective Hamiltonian of (Ba,Sr)TiO 3 solid solutions is used in our investigation. 15, 45 The total energy is written as a function of local modes u i , local displacements v i , which is related to the inhomogeneous strain η I , homogeneous strain η H , alloy species σ i (in value of +1 or −1 corresponding to the presence of a Ba or Sr atom) and Fig. 5 Chirality switching of PTMO state by switching the axial polarization. Evolution of the PTMO state of a (BaTiO 3 ) 10 (SrTiO 3 ) 2 nanowire under a +z directed electric field and a clockwise torque pair of 70 nN nm at T = 150 K. a Evolution of the toroidization G z and axial polarization P z with the electric field E z = 1.5 MV/cm. b The toroidization G z and axial polarization P z of the PTMO state as functions of electric fields E at 150 K. c The corresponding evolved dipole configurations during the switching process the local strain η loc caused by the difference in ionic size between alloy species, i.e.,
where E ave is the total energy associated with (Ba,Sr)TiO 3 system in the virtual crystal approximation (VCA), E loc gathers energy associated with alloying effects beyond the VCA, and the last term takes into account the effect of an external electric field E (Z is the Born effective charge). The explicit expression of E ave and E loc can be found in ref. 45, 46 . The effect of applied twist force is modeled by adding the strain field induced by the twist force to the total strain of the nanowire. Such strain field can be numerically calculated by a finite element method based on the theory of elasticity (See Supplementary Information for details) .
All the parameters of the effective Hamiltonian are determined by firstprinciples calculations. The effective Hamiltonian has been successfully applied to capture the ferroelectric properties of (BaTiO 3 ) m (SrTiO 3 ) n systems. 45 Surface effects of the systems are considered as a combination of the long-range and short-range contributions. The source of the longrange contribution is the depolarization field caused by the uncompensated polarization charges at the surfaces. The short-range contribution takes into account the polarization variations near the surfaces due to the short-range coupling of the atoms at the surface of the sample. For a nanowire, the bound charges at the lateral surfaces of the nanowire give rise to a strong depolarization field modifying the dipole states significantly. To consider this effect, an efficient dual-space approach based on periodic Green's function for dipole-dipole interaction in onedimensional periodic systems is adopted, 47 instead of the Ewald summation method for three-dimensional periodic systems. Moreover, the short-range interaction between the nanowire and the vacuum induces an additional surface energy, the explicit expression of which can be found in ref. 48 Note, our previous study showed that the dipolar orders in (BaTiO 3 ) m (SrTiO 3 ) n nanowires are not sensitive to the surface polarization when the size of the nanowire is not too small. 15 This is due to the fact that toroidal order is mainly caused by the depolarization effect and it is a collective behavior. Therefore, the inclusion of a surface term would not alter the main physics of our results. For simplicity, the intrinsic surface energy term is turned off in our simulations.
The (BaTiO 3 ) m (SrTiO 3 ) n nanowires considered in our simulations are rectangular shaped in lateral direction and are periodic along the longitudinal z-axis. The lengths of simulated supercells along x-and yaxes are L x = n x a 0 and L y = n y a 0 , respectively, while the z-axis periodic length L z is L z = (m + n)a 0 , with a 0 = 3.9 Å being the lattice constant of the primitive five-atom unit cell. Monte Carlo (MC) simulations are employed to combine with the first-principles derived effective Hamiltonian above to determine the dipole configuration of the model. An ideal open-circuit (OC) electrical boundary condition is imposed to the nanowire. The nanowires are firstly performed temperature annealing with a step of 10 K to obtain the initial PTMO state. External electric field along z-axis and twist force are then applied to the nanowires presenting PTMO state at given temperature to investigate the tunability of the PTMO state. At each situation, 40,000 MC sweeps (the number can be up to 1,20,000 in situations needed) are carried out to equilibrate the system and then 60,000 sweeps are used to get the statistical average. Theoretically, the order state of the PTMO state is characterized by the z-axial net polarization, i.e., P z ¼ V ð Þ À1 P N i p i , and the toroidal order is characterized by toroidization G z , which is defined as G z ¼ V ð Þ À1 P N i r i δp i , where r i is the position vector locating the i unit cell and δ pi is the difference between the local dipole pi and the averaged dipole, and the summation runs over all the N unit cells of the system with the volume of the system being V.
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